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Outline

Bloch sphere representation
Rotation gates
Universality proof

An arbitrary controlled-U gate can be implemented 
using only single qubit gates and CNOT
An arbitrary (controlled)n-U gate can be 
implemented using single qubit gates and CNOT
Two-level unitary gates are universal
Single-qubit gates and CNOT are universal
Hadamard, S, T, and CNOT are universal



Bloch sphere representation
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Important single qubit gates
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Exponential operator
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This operator is important because it appeared 
in the solution to Schrödinger equation



Rotation gates
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Rotation about the n axisˆ
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Road to universality proof

1. An arbitrary controlled-U gate can be 
implemented using only single qubit gates 
and CNOT

2. An arbitrary (controlled)n-U gate can be 
implemented using single qubit gates and 
CNOT

3. Two-level unitary gates are universal
4. Single-qubit gates and CNOT are universal
5. Hadamard, S, T, and CNOT are universal
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Z-Y decomposition
For an arbitrary single qubit gate U, there exist 
real numbers α, β, γ, and δ such that
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Corollary
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Set A, B, C as

AXBXCeUIABC iα== ,
Then

We will construct an arbitrary controlled-U gate 
using A, B, and C



Corollary
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Phase shifter
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Controlled-U gate
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Road to universality proof

1. An arbitrary controlled-U gate can be 
implemented using only single qubit gates 
and CNOT

2. An arbitrary (controlled)n-U gate can be 
implemented using single qubit gates and 
CNOT

3. Two-level unitary gates are universal
4. Single-qubit gates and CNOT are universal
5. Hadamard, S, T, and CNOT are universal



(Controlled)2-U gate
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(Controlled)2-U gate
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(Controlled)2-U gate
a1 a2 a1⊕a2 2a1⋅a2
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(Controlled)3-U gate
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Gate construction by a Gray code
a1 1 1 0 0 1 1 0
a2 0 1 1 1 1 0 0
a3 0 0 0 1 1 1 1

Gray code; Only one bit 
changes from one entry to 
the next (patented by F. Gray)
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(Controlled)n-U gate
Set V so that                and implement the identityUV
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(Controlled)n-U gate
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Road to universality proof

1. An arbitrary controlled-U gate can be 
implemented using only single qubit gates 
and CNOT

2. An arbitrary (controlled)n-U gate can be 
implemented using single qubit gates and 
CNOT

3. Two-level unitary gates are universal
4. Single-qubit gates and CNOT are universal
5. Hadamard, S, T, and CNOT are universal



Two-level unitary gate
Two-level unitary matrix
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Two-level unitary gates are universal
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Two-level unitary gates are universal
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Two-level unitary gates are universal
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Road to universality proof

1. An arbitrary controlled-U gate can be 
implemented using only single qubit gates 
and CNOT

2. An arbitrary (controlled)n-U gate can be 
implemented using single qubit gates and 
CNOT

3. Two-level unitary gates are universal
4. Single-qubit gates and CNOT are universal
5. Hadamard, S, T, and CNOT are universal



Single qubit gates & CNOT are universal
Strategy

To show that single qubit & CNOT gates can 
implement an arbitrary two-level unitary matrix
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Single qubit gates & CNOT are universal
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We want to apply a controlled 
gate with the target bit |a1〉



Single qubit gates & CNOT are universal
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Road to universality proof

1. An arbitrary controlled-U gate can be 
implemented using only single qubit gates 
and CNOT

2. An arbitrary (controlled)n-U gate can be 
implemented using single qubit gates and 
CNOT

3. Two-level unitary gates are universal
4. Single-qubit gates and CNOT are universal
5. Hadamard, S, T, and CNOT are universal



Discrete set of universal gates
Why a discrete set of gates?

It can be used to perform quantum computation 
in an error-resistant fashion

Problem
The set of unitary operations is continuous

Strategy
To show that a discrete set can be used to 
approximate any unitary operation to an 
arbitrary accuracy



Approximation by H & T

)4/(
0

0
0

01
8/

8/
8/

4/ π
π

π
π

π zi

i
i

i R
e

e
e

e
T ≅⎥

⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
=

−

)()4/()4/( ˆ θππ nxz RRR =

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+
≡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

+=−=
≡

)8/cos(
)8/sin(
)8/cos(

)8/(cos1
1ˆ

)8/(cos1)8/sin()8/(cos1)2/sin(
)8/(cos)2/cos(

2

24

2

π
π
π

π

πππθ
πθ

z

y

x

n
n
n

n

θ ; irrational multiple of 2π

)()( θθ xz RHHRXHZH =⇒=

)4/()4/(8/ πππ
xz

i RHHReHTH ≅=



Approximation by H & T
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Approximation by H & T
Weyl’s theorem on uniform distribution

Let p be irrational, then the sequence {p, 2p, 3p, ...} is 
uniformly distributed modulo 1

)()( ˆ
)/1(

ˆ αθε
n

O
n RR ≈

The approximation to 
accuracy ε is realized 
through O(1/ε) times 
iterations
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H + S + T + CNOT are universal
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S has its own role in 
doing the approximation 
in a fault-tolerant fashion

Is this construction efficient?



Efficiency
Total accuracy ε

LU1 U2 U3 Um

O(m/ε) gates

O(m2/ε) gates

Solovay-Kitaev theorem

2))/(log( ≈cmmO c ε



Discrete set of universal gates

H, S, T, and CNOT
H, S, CNOT,  and Toffoli
Deutsch gate

iRx(πα)
α ; irrational



Quiz

H T† TT†

T

T

T

H

T†

Construct Toffoli using 
only H, T, and CNOT



Answer
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Answer
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