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= Bloch sphere representation
= Rotation gates

= Universality proof

= An arbitrary controlled-U gate can be implemented
using only single qubit gates and CNOT

= An arbitrary (controlled)"-U gate can be
Implemented using single qubit gates and CNOT

= Two-level unitary gates are universal
= Single-qubit gates and CNOT are universal
« Hadamard, S, T, and CNOT are universal



Bloch sphere representation
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Important single qubit gates




Exponential operator

exp(iAx) = Y (1A%)
n=0 n!
A°=1 = exp(iAX)=cosx-|+isinx-A

This operator Is important because it appeared
In the solution to Schrodinger equation

—iHAt
7i

‘W(t + At)> = exp ‘1//(t)>




Rotation gates

2 cos(@/2) —isin(@/2)
{— 1sin(6/2) cos(@/2) }
cos(8/2) —sin(@/2)
sin(@/2) cos(0/2) }
exp(—if/2) 0
0 exp(iH/Z)}

R (0)=e"%'? _cosZ1—isinZ x =
2 2

R (8)=e"? _cosZ1—isinZy =
g 2 2

R, (0)=e"'*"? _cosZ1-isinZz -
2 2




Rotation about the i axis

R.(@)=exp(-ifn-o/2)= cosgl —ising(nxx +nY +n,Z)
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Road to universality proof

An arbitrary controlled-U gate can be
Implemented using only single qubit gates
and CNOT

An arbitrary (controlled)"-U gate can be

Implemented using single qubit gates and
CNOT

Two-level unitary gates are universal
Single-qubit gates and CNOT are universal
Hadamard, S, T, and CNOT are universal



Road to universality proof

1. An arbitrary controlled-U gate can be
Implemented using only single qubit gates
and CNOT

2. An arbitrary (controlled)"-U gate can be
Implemented using single qubit gates and
CNOT

3. Two-level unitary gates are universal
Single-qubit gates and CNOT are universal
5. Hadamard, S, T, and CNOT are universal
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Z-Y decomposition

For an arbitrary single qubit gate U, there exist
real numbers «, S, 7, and o such that

U =e“R,(B)R, ("R, (5)

ai(a-p12-512) COSZ _ pl@=p12+512) gin V4

Proof

U =
ai(@+p12-512) gin 14 ai(@+f12+512) oo 4

0 e”?|siny/2 cosyl2
=e“R, (B8R, ()R, (0)

ez [0037//2 —siny/IZ}_eW2 0 |




Corollary

Set A, B, C as
A=R, (AR, gj

(-2 R[5

RZ(—5_ﬁ

B

C
Then

2
ABC =1, U =¢e'*AXBXC

We will construct an arbitrary controlled-U gate
using A, B, and C



Corollary

Proof
ABC = RZ(ﬁ)Ry(Zij(—ZjRZ(—é—EJRZ(Q—éj: |
2 2 2 2) 12 2

XR, (0)X =R, (~0)
_ ei“ARy(ijz(a " jc XR, ()X = R, (=0)

RRER(,
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Controlled-U gate
T T
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e'“ AXBXC =U




Road to universality proof

1. An arbitrary controlled-U gate can be
Implemented using only single qubit gates
and CNOT

2. An arbitrary (controlled)"-U gate can be
Implemented using single qubit gates and
CNOT

3. Two-level unitary gates are universal
Single-qubit gates and CNOT are universal
5. Hadamard, S, T, and CNOT are universal
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(Controlled)?-U gate

. . . .
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Example
Ve=U |

T?=S  (HSH)" =X

T _ N2
VW= S? =7 (ijlej —iH




(Controlled)?-U gate

0 0— |
0 1— T = T
SR N S S — v vtb—wr=i
1 ° 1 ®
0 N T N 1 T N N

—V = —Vi—WwW'=l VHVI— ——Vv2=U

_________
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(Controlled)?-U gate

a, | a, | a,®a, | 2a;-a,
a +a,—(a,®a,)=2xa,-8, [ 0
+, —, and X are the ordinary Ot 1 0
arithmetic operations 140 1 0
11| 0 | 2

V alV a, (V 1L)a1€aa2 _ (V 2)a1-a2 —U a,-a,

ag ¢ ¢ ® ®
a,®a, |a,
d, I D T & — ®




(Controlled)*-U gate

dq ®

ata,+a;,—(,Pa)-(,0a)-(a,Pa;)+(a,Da,Day)
=4xa -a, a,

d, ®

d
3 T V alv an aj (\/ T)al@az (\/ T)a1®a3 (\/ T)az@a3v a, Pa,Da
U T — (\/ 4)31'32'33 _ U a,-a,-as
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Gate construction by a Gray code

a1 1 m 0 I 1 I Gray code; Only one bit
a,| O I 1 1 1 I 0 | changes from one entry to
a,[0 0 O I 1 1 1| thenext(patented by F. Gray)
Y, Ay (V T)al@azv a, (V T)a2®a3v a,Pa,Pa, (V T)al@aBV ag
d
a, ® ® ®
l a,®Pa, L a,
a, (O—e—<—

o9
g

a,dDa, al@)azeaai a,®Da, a,
NP

M M
/T T\

—V VI — V — VI — V —{VI—V —

ds

N
——o




(Controlled)"-U gate

Set V so that V¥~ =U and Implement the identity
Za Y (a®a)+ ) (a;®a ®a)—+(-1)""(a,®a,® - Da,)

i<] i<j<k

=2""xa,-a,-a,---a

n

Proof forn =3  Can be proved for any n by induction
4xa, -a,-a,
:z(zal'az)'a3 zai'azzal+a2_(ai@az)
=2[a, +a,—(a,®a,)] &
=2a,-a,+2a,-a,—2(a, ®@a,)-a,
:[ai+a3_(a1@a3)]+[a2+a3_(az@3-3)]_[(31@a2)+a3_(ai@a2@as)]
=—a+3,+3,-(3,0a,)-(3,®8;)-(2,Pa;)+(a,Da,Da,)




(Controlled)"-U gate

al * a1 ¢ ®
1 ¢ 4. — ¢ cascade s
’ ° &mplementation
a3 ® - a3 ® \ ®
a ¢ o a ® ®
4 4 \
ds ? as ® ®
Y 0 —D-9 *—D
ik AR M f
0 N ¢ . SR,
. d,a,33 /
v' n-—1ancilla 0 Do . Q/
. d,d,d.ad
v 2(n-1) Toffoli 5 __"27* ;e Cascade
v' 1 Controlled-U 8,8,353,3s 5 erasure
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Road to universality proof

An arbitrary controlled-U gate can be
Implemented using only single qubit gates
and CNOT

An arbitrary (controlled)"-U gate can be
Implemented using single qubit gates and
CNOT

Two-level unitary gates are universal
Single-qubit gates and CNOT are universal
Hadamard, S, T, and CNOT are universal



Two-level unitary gate

Two-level unitary matrix

Unitary matrix which acts nontrivially only
two-or-fewer vector components

1 0 0 0 1 0 0 O

010 0| |0 a y O

00 « y| |0 8 850

Universality; 3 x3case [0 0 4 5] [0 001
Breaking U up into the product of =0 G
two-level unitary matrices a0 1 6
" - 0 0 1

UuuU=1 < U=U/UU]

a
U=|b
C

-~ (DO O
—_ 0




Two-level unitary gates are universal

u,u

UUU =

C

a
b
C

d

e

f
! ]

PN dr

a
0 ¢
" f

/

1 d”
O e”
O f "

I

h’

"

”

h”

-/

J

a b O_
U. =J | sl b
1 b —a
JialP+b? a2+l
0 0 1
[a” 0 0]
O 1 0
- 0O 0 1
| S S
a2 +[c a2 +[c'
0 1 0
c’ 0 —a’
P +lc? JlaP+er?

(b=0)

(b = 0)

(c'=0)

(c'#0)




Two-level unitary gates are universal

1 d" g"] [1 0 0
UUU=l0 ¢ h"|=|0 e h"

O f” -/ O f” -/ B _
- Pt oo oo

U.=[0 e "
| ;

UUUU=1 < U=UUU! 0

For d-dimensional U, we repeat this procedure

_ _ 1 0 --- 0
U, o0 Uy o lu .
U=l : . - UgUg,---UU = . .
_udl v Ugg 0 U’
_ dd




Two-level unitary gates are universal
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Road to universality proof

An arbitrary controlled-U gate can be
Implemented using only single gubit gates
and CNOT

An arbitrary (controlled)"-U gate can be

Implemented using single qubit gates and
CNOT

Two-level unitary gates are universal
Single-qubit gates and CNOT are universal
Hadamard, S, T, and CNOT are universal



Single qubit gates & CNOT are universal

Strateqgy

To show that single qubit & CNOT gates can

Implement an arbitrary two-level unitary matrix

Example
o 0

0 1

0 0

U - 0 0

0 0
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Single qubit gates & CNOT are universal

al O O U O @),

a, —O g5 ° ok ® U = 5 s
M i

ds N ¢ ¢ ¢ NP

We want to apply a controlled
gate with the target bit |a,)

QD
N
o O O




Single qubit gates & CNOT are universal
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Road to universality proof

An arbitrary controlled-U gate can be
Implemented using only single gubit gates
and CNOT

An arbitrary (controlled)"-U gate can be
Implemented using single qubit gates and
CNOT

Two-level unitary gates are universal
Single-qubit gates and CNOT are universal
Hadamard, S, T, and CNOT are universal



Discrete set of universal gates

Why a discrete set of gates?

It can be used to perform quantum computation
In an error-resistant fashion

Problem
The set of unitary operations is continuous

Strateqgy

To show that a discrete set can be used to
approximate any unitary operation to an
arbitrary accuracy




Approximation by H&T

1 O e—m/8 O
T = =g ~ =R (/4
O elﬂ/4 O e|7r/8 Z( )

HTH =e""°HR, (z/ 4)H = R, (7 / 4)
HZH = X = HR,(8)H =R, (6)

R (z/4)R (/4)=R.(60)

cos(8/2) = cos?(r /8) @ ; irrational multiple of 27

sin(0/2) = [1-cos* (z/8) =sin(x /8)y/1+ cos* (= /8)

n, cos(r/8)
n=|n, |= 12 sin(zz /8)
n, \/1+cos (7 18) cos(7/8)



Approximation by H & T
RZ(EJRX(%j:exp(—igzjexp(—ing _iZX =Y
:{coszl —isinzz}[coszl —isinzx}
8 8 8 8
= cos? 2| —jsin Z{COSZX +sin 2y +coszz}
8 8 8 8 8
:cosgl —ising[nxx +n,Y +nZZ]: R.(6)

cos(6/2) =cos’(x/8)
sin(0/2) = [1-cos* (z/8) =sin(z /8)y/1+cos* (z /8)

n, . cos(z/8) |
n=|n, |= , sin(z /8)
n, \/1+cos (7 1/8) cos(7/8)



Approximation by H & T

Weyl's theorem on uniform distribution

Let p be irrational, then the sequence {p, 2p, 3p, ...} IS
uniformly distributed modulo 1

n=1
’ {n 827 (mod 1)} -
n=1 The approx_lmatlo_n to
© oo o0 o0 o0 o accuracy ¢ s realized
through O(1/¢) times

RY™(0) = Ry (@)




H+S+ T+ CNOT are universal

n,HXH +n HYH +n,HZH
=n,X-nY+n,Z

HR; (¢)H =R; (@)

l - cos(z/8)

= 1 _sin(z/8)

U =R;(8)R; (7)R; () \/1+C082(7z/8) os(709)
l’ S has its own role in

U ~ Rf?l (6’) Rr?]z (@) Rf?s (6’) doing the approximation

In a fault-tolerant fashion

Is this construction efficient?



Efficiency

Total accuracy ¢

—U]_ U2 U3 _..._Um

O(m/e) gates

N _
—~

O(m?/g) gates

Solovay-Kitaev theorem

= O(mlog®(m/g)) c=2




Discrete set of universal gates

= H,S, T,and CNOT
m H, S, CNOT, and Toffoli
= Deutsch gate

— IR(7ma) ——
a ;. Irrational




‘ Construct Toffoll using
only H, T, and CNOT

N
N
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